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Abstract
We discuss superparticle and superstring dynamics in AdS3×S3 supported by
R-R 3-form background using light-cone gauge approach. Starting with the super-
algebra psu(1, 1|2)⊕p˜su(1, 1|2) representing the basic symmetry of this background
we find the light-cone superparticle Hamiltonian. We determine the harmonic
decomposition of light-cone superfield describing fluctuations of type IIB super-
gravity fields expanded near AdS3 × S3 background and thus the corresponding
Kaluza-Klein spectrum. We fix the fermionic and bosonic light-cone gauges in the
covariant Green-Schwarz AdS3 × S3 superstring action and find the correspond-
ing light-cone string Hamiltonian. We also obtain a realization of the generators
of psu(1, 1|2) ⊕ p˜su(1, 1|2) in terms of the superstring 2-d fields in the light-cone
gauge.
∗ E-mail: metsaev@lpi.ru, metsaev@pacific.mps.ohio-state.edu
† Also at Imperial College, London and Lebedev Institute, Moscow. E-mail: tseytlin.1@osu.edu
1 Introduction
Understanding how to quantize superstrings in Ramond-Ramond backgrounds is of top-
ical interest, in particular, in connection with string theory – gauge theory duality [1, 2].
The basic example of type IIB Green-Schwarz string in AdS5 × S5 with R-R 5-form
background [2] was studied, e.g., in [3–10]. One may hope that a progress towards un-
derstanding the spectrum of this theory may be achieved by using a light-cone gauge
approach recently developed in [19, 20] (for an alternative covariant approach see [11]).
To get a better understanding of this light-cone approach it may be useful to consider
first a similar but somewhat simpler string model.
An obvious candidate for such simpler model is type IIB string in AdS3 × S3 × T 4
with R-R 3-form background.1 The AdS3 × S3 × T 4 with NS-NS 3-form background
represents the near-horizon limit of NS 5-brane – fundamental string configuration [12]
and a fundamental superstring probe in it may be described by the standard SL(2, R)×
SU(2) WZW model in the NSR formulation. However, the superstring propagation in
S-dual R-R background which is the near-horizon limit of D5–D1 system [13] cannot
be studied directly in the usual NSR formalism. The explicit form of the covariant
GS string action in this R-R background was found in [14–16] by applying the same
supercoset method which was used in the AdS5 × S5 string case in [3]. An alternative
“hybrid” approach to quantization of superstring in AdS3 × S3 R-R background was
developed in [17] (see also [18]).
In this paper we shall discuss several aspects of superstring dynamics in the AdS3×S3
R-R background in the light-cone approach developed for the AdS5×S5 case in [19, 20].
Since the simplest limiting case of superstring is superparticle, we also consider in some
detail the light-cone superparticle theory in AdS3×S3, following closely the treatment of
the AdS5×S5 case in [21]. First quantization of superparticle determines the spectrum of
fluctuations of type IIB supergravity in AdS3×S3×T 4 (found directly in component form
in [22]) and thus also the “ground state” spectrum of the corresponding string theory.
In the treatment of the superstring theory our starting point will be the covariant GS
action (see [14–16]) where we shall fix the light-cone-type fermionic (κ-symmetry) and
bosonic (2-d diffeomorphism) gauges and derive the light-cone Hamiltonian along the
lines of the phase space approach of [20].
The paper is organized as follows.
In Section 2 we review the structure of the underlying symmetry superalgebra of the
type IIB superstring theory in AdS3 × S3 R-R background – psu(1, 1|2) ⊕ p˜su(1, 1|2)
[23] and present its (anti)commutation relations in a light-cone basis.
In Section 3 we consider superparticle dynamics in AdS3×S3. We find the light-cone
superparticle Hamiltonian and a realization of the generators of psu(1, 1|2)⊕ p˜su(1, 1|2)
on phase space of (first-quantized) superparticle.
In Section 4 we develop a manifestly supersymmetric light-cone gauge formulation of
type IIB supergravity on AdS3 × S3 background. The quadratic term in the action for
fluctuation fields is written in terms of a single unconstrained scalar light-cone superfield,
allowing us to treat all the component fields on an equal footing. We also present a
1In what follows we shall ignore the trivial T 4 factor.
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superfield version of S3 harmonic decomposition and find the corresponding K-K spectra
of the supergravity modes propagating in AdS3.
In Section 5 we find the κ-symmetry light-cone gauge fixed form of the superstring
action in AdS3 × S3. We give the superstring Lagrangian both in the “Wess-Zumino”
and “Killing” parametrizations of the basic coset superspace
[PSU(1, 1|2)× P˜ SU(1, 1|2)]/[SO(2, 1)×SO(3)] on which the superstring is propagating.
We also discuss a reformulation of the resulting superstring action in terms of 2-d Dirac
world-sheet fermions.
Section 6 is devoted to the light-cone phase space approach to superstring theory.
We fix the analog of the GGRT bosonic light-cone gauge and derive the phase space
analog of the superstring Lagrangian of Section 5 and the corresponding light-cone gauge
Hamiltonian.
In Section 7 we obtain a realization of the generators of the symmetry superalgebra
psu(1, 1|2) ⊕ p˜su(1, 1|2) as Noether charges expressed in terms of the 2-d fields which
are the coordinates of the AdS3 × S3 superstring in the light cone gauge.
Some technical details are collected in five Appendices. In Appendix A we summarize
our notation and definitions used in this paper and give some relations relevant for a coset
description of S3. In Appendix B we describe correspondence between the “covariant”
and “light-cone” forms of the psu(1, 1|2) ⊕ p˜su(1, 1|2) superalgebra. In Appendix C
we explain the construction of Poincare´ supercharges in the case of superparticle. In
Appendix D we give some details of computation of the spectrum of type IIB supergravity
fluctuations in AdS3 × S3. In appendix E we present the expressions for the supercoset
Cartan 1-forms which are the basic elements in the construction of the GS superstring
action, and describe our procedure of fixing the fermionic light-cone gauge in the string
action.
2 psu(1, 1|2)⊕ p˜su(1, 1|2) superalgebra
The symmetry algebra of the AdS3×S3 with R-R 3-form background may be represented
as a direct sum of two copies of psu(1, 1|2) superalgebra, i.e. as psu(1, 1|2)⊕ p˜su(1, 1|2)
superalgebra [23]. The even part of this superalgebra consists of the bosonic subalgebras
su(1, 1), su(2) and s˜u(1, 1), s˜u(2) respectively. su(1, 1) and s˜u(1, 1) combine into so(2, 2)
algebra while su(2) and s˜u(2) form so(4) algebra. These so(2, 2) and so(4) algebras are
the isometry algebras of the AdS3 and S
3 factors respectively. The odd part of the
superalgebra consists of 16 supercharges which correspond to the 16 Killing spinors of
AdS3 × S3 geometry.
The superalgebra psu(1, 1|2)⊕ p˜su(1, 1|2) will play the central role in our construc-
tions. Let us review its commutation relations in the two forms (“covariant” and “light-
cone”) we are going to use. In su(1, 1)⊕su(2) covariant basis the psu(1, 1|2) superalgebra
has the following generators: mαβ and m
i
j which are generators of su(1, 1) and su(2)
and 8 supercharges qαi , q
i
α (α, β = 1, 2; i, j = 1, 2). Their (anti)commutation relations
have the following well known form
[mαβ, m
γ
δ] = δ
γ
βm
α
δ − δαδmγβ , [mij, mkn] = δkjmin − δinmkj , (2.1)
2
[mαβ , q
k
γ ] = −δαγ qkβ +
1
2
δαβ q
k
γ , [m
i
j , q
k
α] = δ
k
j q
i
α −
1
2
δijq
k
α , (2.2)
[mij, q
α
k ] = −δikqαj +
1
2
δijq
α
k , [m
α
β, q
γ
k ] = δ
γ
βq
α
k −
1
2
δαβ q
γ
k , (2.3)
{qiα, qβj } = a(δijmβα + δβαmij) , a2 = −1 . (2.4)
We assume the following Hermitean conjugation rules
(mαβ)
† = −mαβ , (mij)† = mj i , (qαi )† = ǫαβqiβ , (qiα)† = qβi ǫβα , (2.5)
where ǫαβ is the Levi-Civita tensor: ǫ12 = ǫ
12 = 1. The p˜su(1, 1|2) superalgebra has the
same commutation relations but with the constant a in (2.4) replaced by a˜ (a˜2 = −1)
such that its sign is opposite to that of a, i.e. aa˜ = 1.
It will be useful to decompose the generators according to their light-cone SO(1, 1)
group transformation properties (we shall call this “light-cone basis”). In the light-cone
basis the generators of psu(1, 1|2)⊕ p˜su(1, 1|2) include translations P±, conformal boosts
K±, Lorentz rotation J+−, dilatation D, R-symmetry generators of su(2) and s˜u(2) J ij
and J˜ ij , Poincare´ algebra supercharges Q
±i and conformal algebra supercharges S±i. To
simplify the notation here we use the same type of indices for su(2) and s˜u(2). The
Hermiteant conjugation rules are
(P±)† = P± , (K±)† = K± , (Q±i)† = Q±i , (S
±i)† = S±i , (2.6)
(J+−)† = −J+− , D† = −D , J i†j = J j i , J˜ i†j = J˜ j i . (2.7)
The anti(commutation) relations then include (their derivation from the above relations
is explained in Appendix B)
[P±, K∓] = D ∓ J+− , (2.8)
[D,P±] = −P± , [D,K±] = K± , [J+−, P±] = ±P± , [J+−, K±] = ±K± , (2.9)
[D,Q±i ] = −
1
2
Q±i , [D,S
±
i ] =
1
2
S±i , [J
+−, Q±i ] = ±
1
2
Q±i , [J
+−, S±i ] = ±
1
2
S±i ,
(2.10)
[S∓i , P
±] = Q±i , [Q
∓i, K±] = S±i , {Q±i, Q±j } = ±P±δij , {S±i, S±j } = ±K±δij ,
(2.11)
{Q+i, S−j } =
1
2
(J+− −D)δij − J˜ ij , {Q−i, S+j } =
1
2
(J+− +D)δij + J
i
j , (2.12)
plus Hermitean conjugations of the above ones. The remaining relations can be summa-
rized as follows. The supercharges Q−i , Q
−i, S+i, S+i transform in the (anti)fundamental
representations of su(2) – they are rotated only by J ij, i.e.
[J ij , Q
−k] = δkjQ
−i − 1
2
δijQ
−k , [J ij , Q
−
k ] = −δikQ−j +
1
2
δijQ
−
k , (2.13)
and the same for S+i , S
+i. The remaining supercharges Q+i, Q+i , S
−i, S−i transform in
the (anti)fundamental representations of s˜u(2) – they are rotated only by J˜ ij , i.e.
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[J˜ ij , Q
+k] = δkjQ
+i − 1
2
δijQ
+k , [J˜ ij , Q
+
k ] = −δikQ+j +
1
2
δijQ
+
k , (2.14)
and the same for S−i, S−i . The generators J
i
j , J˜
i
j satisfy the standard relations
[J ij , J
k
n] = δ
k
j J
i
n − δinJkj , [J˜ ij, J˜kn] = δkj J˜ in − δinJ˜kj . (2.15)
3 Superparticle dynamics in AdS3 × S3 backrgound
Before discussing superstring it is instructive to consider first a superparticle propagating
in AdS3×S3 space. The covariant Brink-Schwarz κ-symmetric action for a superparticle
in AdS3 × S3 can be obtained, e.g., from the superstring action of [14–16] by taking
the zero slope limit α′ → 0. By applying the light-cone gauge fixing procedure (see
[20] and below) one could then obtain the superparticle light-cone gauge fixed action.
One the other hand, there is a method [24] which reduces the problem of constructing
a new (light-cone gauge) dynamical system to the problem of finding a new solution of
the commutation relations of the defining symmetry algebra (in our case psu(1, 1|2)⊕
p˜su(1, 1|2)). This method of Dirac was applied to the case of superparticle in AdS5 ×
S5 in [21] (see also [25]) and here we would like to demonstrate how it works for the
superparticle in AdS3×S3. Quantization of superparticle determines the quadratic part
of the action of type IIB supergravity expanded near AdS3 × S3 background.
In the light-cone formalism the generators of the psu(1, 1|2)⊕ p˜su(1, 1|2) superalgebra
can be split into the two groups:
P+, K+, Q+i, Q+i , S
+i, S+i , D, J
+−, J ij, J˜
i
j , (3.1)
which we shall refer to as kinematical generators, and
P−, K− , Q−i, Q−i , S
−i, S−i , (3.2)
which we shall refer to as dynamical generators. The kinematical generators have pos-
itive or zero J+− (Lorentz) charges, while the dynamical generators have negative J+−
charges. It turns out that in the superfield realization the kinematical generators taken
at x+ = 0 are quadratic in the physical fields,2 while the dynamical generators receive
higher-order interaction-dependent corrections. The first step is to find a free (quadratic)
superfield representation for the generators of psu(1, 1|2)⊕ p˜su(1, 1|2). The generators
we obtain below we will be used for the description of IIB supergravity in AdS3 × S3
background.
Let us explain step by step how the method of [24] works in the present case: First,
we introduce a light-cone superspace on which we are going to realize the generators of
our superalgebra. The superspace coordinates include the position coordinates x±, z of
2In general, they have the structure G = G1 + x
+G2 + (x
+)2G3 where G1 is quadratic but G2, G3
contain higher order terms in second-quantized fields.
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AdS3, a unit vector u
M representing S3, and the Grassmann coordinates θi, ηi. In this
parametrization the metric of AdS3 × S3 is (M = 1, 2, 3, 4)
ds2 =
1
z2
(2dx+dx− + dz2) + duMduM , uMuM = 1 (3.3)
In formulating our results we shall trade the bosonic coordinate x− and the Grassmann
coordinates θi, ηi for the bosonic momentum p+ and the Grassmann momenta λi, ϑi.
Let us start with the kinematical generators and consider them on the surface of the
initial data x+ = 0. The kinematical generators which have positive J+−-charge are
fixed to be
P+ = p+ , K+ =
1
2
z2p+ , (3.4)
Q+i = λi , Q
+i = p+θi S+i =
1√
2
zϑi , S
+i =
1√
2
zp+ηi , (3.5)
where the coordinates θi, ηi and their momenta λi, ϑi satisfy the canonical anticommu-
tation relations
{λi, θj} = δji , {ϑi, ηj} = δji (3.6)
Let us note that in the language of an action based on a supercoset construction the
above parametrization of the kinematical generators corresponds to special choices of
(i) coset representative and (ii) light-cone gauges for 1-d diffeomorphism symmetry and
κ-symmetry. In fact, these choices may be motivated by a simple form of the resulting
generators.
Once the above generators are chosen, the remaining kinematical generators which
have zero J+−-charge are fixed by the commutation relations of the superalgebra
J+− = ∂p+p
+ − 1
2
θλ− 1
2
ηϑ+ 1 , D = −∂p+p+ + z∂z + 1
2
θλ+
1
2
ηϑ− 1
2
, (3.7)
J ij = l
i
j + η
iϑj − 1
2
δijηϑ , J˜
i
j = l˜
i
j + θ
iλj − 1
2
δijθλ , (3.8)
where ∂p+ ≡ ∂/∂p+, ∂z ≡ ∂/∂z. The orbital parts lij and l˜ij of the angular momenta
J ij and J˜
i
j are given by
lij =
1
4
(σMN)ijl
MN , l˜ij =
1
4
(σ¯MN)ijl
MN , (3.9)
where the so(4) orbital momentum lMN can be chosen as3
lMN = uM ∂ˆN − uN ∂ˆM . (3.10)
Here ∂ˆM is covariant tangent derivative on S3 which is by fixed by the constraint uM ∂ˆM =
0 and by the commutation relations
3Note that the concrete parametrization of the S3 part is not very important to us as in the case of
the superparticle all the generators are expressed in terms of the orbital part of the angular momentum.
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[∂ˆM , uN ] = vMN , [∂ˆM , ∂ˆN ] = uM ∂ˆN − uN ∂ˆN , vMN ≡ δMN − uMuN . (3.11)
The operator lij satisfies the following basic relation
likl
k
j =
1
2
l2δij + l
i
j , (3.12)
where l2 ≡ lijlj i. The same relation is true for l˜ij . The Hermitean conjugation rules are
λ†i = p
+θi , θi† =
λi
p+
, ϑ†i = p
+ηi , ηi† =
ϑi
p+
, (∂p+p
+)† = −∂p+p+ + θλ+ ηϑ− 2.
(3.13)
Once the all the kinematical generators are fixed, the dynamical generators are found
from the commutation relations of the basic superalgebra (for details see Appendix C)
P− =
1
2p+
(∂2z −
1
z2
A) , (3.14)
Q−i =
1√
2p+
(
−ϑi∂z − 1
z
(ηϑ)ϑi +
1
2z
ϑi +
2
z
(ϑl)i
)
, (3.15)
Q−i =
1√
2
(
ηi∂z − 1
z
ηi(ηϑ) +
1
2z
ηi +
2
z
(lη)i
)
, (3.16)
K− = −S¯ 1
p+
S − 1
2p+
(l˜2 + 2λl˜θ) , (3.17)
S−i = θiS − (l˜θ)i , S−i = λiS¯
1
p+
− 1
p+
(λl˜)i , (3.18)
where the operators A, S and S¯ are defined by
A ≡ X − 1
4
, X ≡ 2l2 + 4ϑlη + (ηϑ− 1)2 , (3.19)
S ≡ −∂p+p+ + 12z∂z + θλ+ 12ηϑ− 34 , S¯ ≡ ∂p+p+ − 12z∂z − 12ηϑ+ 34 (3.20)
and we used the notation
(ϑl)i ≡ ϑjlj i , (lη)i ≡ lijηj , (λl˜)i ≡ λj l˜j i , (l˜θ)i ≡ l˜ijηj , (ϑlη) ≡ ϑilijηj , (3.21)
l2 ≡ lijlj i , l˜2 ≡ l˜ij l˜j i , ηϑ ≡ ηiϑi , θλ ≡ θiλi (3.22)
In the light-cone approach the operator P− plays the role of the (minus) Hamiltonian of
the superparticle. The expressions for the supercharges can be rewritten as follows
Q−i = −
1√
2p+
(
ϑi∂z +
1
2z
[ϑi, A]
)
, Q−i =
1√
2
(
ηi∂z +
1
2z
[ηi, A]
)
. (3.23)
As in [26, 27] we shall call A in (3.19) the AdS mass operator. This operator satisfies
the following basic relation
{[ηi, A], [ϑj , A]}+ 2[ηi, A]ϑj + 2[ϑj , A]ηi = −4Aδij , (3.24)
which is useful in checking that {Q−i , Q−j} = −δjiP−. Let us note that A is equal to zero
only for massless representations which can be realized as irreducible representations of
the conformal algebra [27, 28], i.e. of so(3, 2) in the case of AdS3.
4 Below in Section 4.2
4The values of this operator for various fields are discussed in [29].
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we shall demonstrate that A is not equal to zero for the whole spectrum of the S3 × T 4
compactification of type IIB supergravity to AdS3.
The generators given above were defined on the initial data surface x+ = 0. In general,
they have the structure G = G(x+,X (x+)) where X stands for all of the dynamical
variables. Let us use the notation
G|x+=0 ≡ G(0,X (x+)) . (3.25)
The generators G|x+=0 can be obtained from the above expressions by expressing the
dynamical variables X in terms of light-cone time variable x+ using the Hamiltonian
equations of motion which are postulated in our approach. The form of the generators
for arbitrary x+, i.e. G(x+,X (x+)), is then found from the conservation laws for the
charges
J+− = J+|x+=0 + x+P− , D = D+|x+=0 + x+P− , (3.26)
K+ = K+|x+=0 + x+(D|x+=0 + J+−|x+=0) + x+2P− , (3.27)
S+i = S
+
i |x+=0 − ix+Q−i , S+i = S+i|x+=0 + ix+Q−i . (3.28)
The remaining generators do not have explicit dependence on x+, i.e. they have the
structure G(x+,X (x+)) = G(0,X (x+)).
4 Light-cone gauge superfield formulation of
type IIB supergravity on AdS3 × S3
In this Section we shall present the light-cone gauge superfield description of type IIB
supergravity on AdS3 × S3 backround, implied by the quantization of the superparticle
described in the previous Section. Linearized equations of motion for fluctuations of
supergravity fields in AdS3×S3×K3 background and the corresponding spectrum were
found in component form [22]. We shall use instead the light-cone superfield approach.
This analysis can be viewed as a step towards understanding the spectrum of string
theory in AdS3 × S3. As is well known in the case of (super)strings in flat space,
reproducing the correct spectrum of the massless modes plays an important role in
determining a consistent quantization scheme. The AdS3 × S3 spectrum we shall find
below should be a useful guiding principle in quantising superstrings in this space. In
particular, the operator ordering and renormalization scheme should be chosen so that
the ground state of the superstring theory in AdS3×S3 (with R-R 3-form background)5
will have the spectrum described below.
Finding even the quadratic part of the action for fluctuations of the supergravity fields
in a curved background is a complicated problem. There are two ways of determining
spectra of compactifications of the type II supergravity. The first one uses oscillator
construction [30]. The second one is based on the analysis of equations of motion [22,
31]. In our construction of the spectrum we shall follow the second approach. A new
element which substantially simplifies the analysis is the use of the light-cone superfield
formulation.
5The selection of R-R as opposed to NS-NS background is pre-determined by our choice of the basic
superalgebra in Section 2.
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4.1 Quadratic light-cone superfield action
We could in principle use the covariant superfield description of type IIB supergavity
[32], starting with linearized expansion of superfileds, imposing light-cone gauge on fluc-
tuations and then solving the constraints to eliminate non-physical degrees of freedom
in terms of physical ones. That would be quite tedious. The light-cone gauge method
provides a self-contained approach which does not rely upon existence of a covariant
description and which gives a much shorter way to arrive to final results. The key
idea is that, as in flat space [33], the superparticle supercharges found in the previous
Section provide realization of the generators of the basic psu(1, 1|2)⊕ p˜su(1, 1|2) super-
algebra in terms of the differential operators acting on the scalar supergravity superfield
Φ(x±, z, u, θ, η). It is convenient to Fourier transform to the momentum space for all of
the coordinates except the radial AdS3 coordinate z and S
3 directions uM . This means
using p+, λi, ϑi instead of x
−, θi, ηi (λi and ϑi are in the fundamental representations of
s˜u(2) and su(2)). Thus our basic superfield will be Φ(x+, p+, z, u, λ, ϑ) with the following
expansion in powers of the Grassmann momenta λi and ϑi
Φ(x+, p+, z, u, λ, ϑ) = p+φ+ λiψ
i
1 + ϑiψ
i
2 + (ǫλ
2)φ1 + λiϑjφ
ij
2 + (ǫϑ
2)φ∗1
+
1
p+
(
(ǫλ)i(ǫϑ2)ψi∗1 + (ǫϑ)
i(ǫλ2)ψi∗2
)
− 1
p+
(ǫλ2)(ǫϑ2)φ∗ , (4.1)
where the coefficients φ, φ1, φ2, ψ1, ψ2 are functions of x
+, the momentum p+ and the
bosonic coordinates z, uM . We used the notation
(ǫλ2) ≡ 1
2
ǫijλiλj , (ǫλ)
i ≡ ǫijλj (4.2)
and the same for ϑ. The only constraint which this superfiled is to satisfy is the reality
constraint
Φ(−p+, z, u, λ, ϑ) = (p+)2
∫
d2λ†d2ϑ† e(λiλ
†
i
+ϑiϑ
†
i
)/p+(Φ(p+, z, u, λ, ϑ))† , (4.3)
where we assume the convention (λ1λ2)
† = λ†2λ
†
1. This reality constraint implies that the
component fields φ, φn are related to φ
∗, φ∗n by the Hermitean conjugation rule for the
Fourier components, i.e. (φ∗(−p+))∗ = φ(p+), (φ∗n(−p+))∗ = φn(p+). Eq. (4.3) leads
also to the following selfduality condition
φij2 (p
+) = −ǫikǫjlφkl∗2 (−p+) . (4.4)
The light-cone action has the following ‘non-covariant form’
S =
∫
dx+dzdp+d3ud2λd2ϑΦ(−p+, z, u,−λ,−ϑ) [p+(i∂x++P−)] Φ(p+, z, u, λ, ϑ) , (4.5)
where the Hamiltonian density (−P−) is given by (3.14) and d3u stands for the S3 volume
element, i.e. d4uδ(uMuM − 1).
Transforming back to the position coordinate x− this action can be cast into ‘relativistic-
invariant’ form
S =
1
2
∫
d3xd3u d2λ d2ϑΦ(x, u,−λ,−ϑ) (✷− 1
z2
A) Φ(x, u, λ, ϑ) (4.6)
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where ✷ is the flat D’Alembertian ✷ = 2∂x−∂x+ + ∂
2
z , and d
3x ≡ dx+dx−dz.
As was already mentioned above, the superparticle charges found in Section 3 give
the representation of psu(1, 1|2) ⊕ p˜su(1, 1|2) in terms of differential operators acting
on the supergravity superfield Φ. We can thus write down the “superfield-theory” (or
“second-quantized”) realization of of psu(1, 1|2)⊕ p˜su(1, 1|2) generators
Gˆ =
∫
dp+dzd3u d2λ d2ϑ p+Φ(−p+, z, u,−λ,−ϑ) G Φ(p+, z, u, λ, ϑ) , (4.7)
where G indicates representation of psu(1, 1|2) ⊕ p˜su(1, 1|2) superalgebra in terms of
differential operators given in previous Section.
4.2 Harmonic decomposition of the light-cone superfield
and the spectrum
The light-cone description given above provides a convenient way to analyse the har-
monic decomposition of basic component fields and thus the corresponding spectra of
fluctuation modes. A nice feature of this approach is that this can be done at the level of
superfields, i.e. in a manifestly supersymmetric way. The action (4.6) gives the following
equation of motion for the basic superfield Φ
(✷− 1
z2
A)Φ = 0 . (4.8)
To find the spectrum we are thus to decompose Φ into the eigenvectors of the AdS mass
operator A defined in (3.19). Let us first make the standard harmonic decomposition
(we absorb the coefficients of the expansion in the ‘basic’ vectors)6
Φ =
∞∑
k=0
Φk , (4.9)
where Φk are the so(4) harmonic superfields, satisfying, by definition,
2l2Φk = k(k + 2)Φk . (4.10)
We can further expand each Φk in power series with respect to the Grassmann momentum
ϑ writing
Φk =
2∑
σ=0
Φk,σ , (4.11)
where Φk,σ satisfies
2l2Φk,σ = k(k + 2)Φk,σ , ηϑΦk,σ = (2− σ)Φk,σ . (4.12)
These equations tell us that the harmonic superfield Φk,σ is a polynomial of degree σ in
the Grassmann momentum ϑ. From the expression for the operator X (3.19) it is then
clear the superfields Φk,0 are its eigenvectors
XΦk,0 = (k + 1)
2Φk,0 . (4.13)
6In this subsection the index k is used to indicate the Kaluza-Klein modes.
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It is easy to demonstrate that Φk,2 are also the eigenvectors of X with the same eigenval-
ues, i.e. XΦk,2 = (k+1)
2Φk,2. This gives the following equations of motion determining
the part of the mass spectrum corresponding to Φk,0, Φk,2
(
✷− (2k + 1)(2k + 3)
4z2
)
Φk,0 = 0 ,
(
✷− (2k + 1)(2k + 3)
4z2
)
Φk,2 = 0 . (4.14)
It turns out that the remaining superfields Φk,1 are not eigenvectors of X . They can be
decomposed, however, into the eigenvectors of this operator as follows (for details see
Appendix B)
Φk,1 = Φ
(1)
k,1 + Φ
(2)
k,1 , (4.15)
where
Φ
(1)
k,1 = (ϑi −
2
k + 2
(ϑl)i)Φ
i
k,1 , k ≥ 0 ; (4.16)
Φ
(2)
k,1 = (ϑi −
2
k
(ϑl)i)Φ
i
k,1 , k > 0 . (4.17)
Here Φik,1 does not depend on the Grassmann momentum ϑ but still depend on Grass-
mann momentum λ. Then
XΦ
(1)
k,1 = k
2Φ
(1)
k,1 , XΦ
(2)
k,1 = (k + 2)
2Φ
(2)
k,1 , (4.18)
and this gives the following equations of motion
(
✷− (2k − 1)(2k + 1)
4z2
)
Φ
(1)
k,1 = 0 ,
(
✷− (2k + 3)(2k + 5)
4z2
)
Φ
(2)
k,1 = 0 , (4.19)
determining the spectra of these superfields.
Note that the operator A is equal to zero (i.e. X = 1
4
) only for massless repre-
sentations which can be realized as irreducible representations of the conformal algebra
[27, 28] ( so(3, 2) in the case of AdS3). From the above spectra one can see that the mass
terms, i.e. the eigenvalues of the operator A, are never equal to zero. That means, in
particular, that the fluctuation modes for the compactification of IIB supergravity on S3
do not satisfy the conformally invariant equations of motion in AdS space.
5 Light cone superstring action
in AdS3 × S3 R-R background
In this Section we shall find the form of the type IIB superstring action in AdS3×S3×T 4
background with R-R 3-form flux in the light-cone gauge. The Green-Schwarz action for
a superstring background was constructed in [14–16] following a similar construction for
AdS5 × S5 case in [3]. Our discussion of light-cone gauge fixing will also repeat closely
the same steps as in refs. [19, 20] where the AdS5 × S5 case was treated.
In flat space superstring light-cone gauge fixing procedure in flat space consists of
the two stages:
(I) fermionic light-cone gauge choice, i.e. fixing the κ-symmetry by Γ+θI = 0
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(II) bosonic light-cone gauge choice, i.e. using the conformal gauge7
√
ggµν = ηµν
and fixing the residual conformal diffeomorphism symmetry by x+(τ, σ) = p+τ .
Our fermionic κ-symmetry light-cone gauge will be different from the naive Γ+θI = 0
but will be related to it in the flat space limit. It will reduce the 16 fermionic coordinates
θIα to 8 physical Grassmann variables: “linear” θ
i and “nonlinear” ηi and their Hermi-
tian conjugates θi and ηi. As in the case of the superparticle the 2-d fields θ
i, θi and η
i,
ηi transform according to the fundamental representations of S˜U(2) and SU(2) respec-
tively. The superconformal algebra psu(1, 1|2)⊕ p˜su(1, 1|2) dictates that these variables
should be related to the Poincare´ and conformal supersymmetry in the light-cone gauge
description of the boundary theory. As in the case of superparticle the superstring action
and symmetry generators will have simple (quadratic) dependence on θi, but complicated
(quartic) dependence on ηi. 8 The light-cone gauge action can be found in two related
forms. One of them corresponds to the choice of the Wess-Zumino type gauge in super-
space while another is based on the Killing gauge. These “gauges” or “parametrizations”
do not reduce the number of fermionic degrees of freedom but only specialize a choice of
fermionic coordinates.
5.1 Fermionic light-cone gauge action
in WZ parametrization
Let us consider first fixing fermionic light-cone gauge in the action written in the WZ
parametrization. This action turns out to be more convenient for reformulation of super-
string action in terms of 2-d Dirac spinors (see next Section). Using the parametrization
of the basic supercoset [PSU(1, 1|2)× P˜ SU(1, 1|2)]/[SO(2, 1)×SO(3)] described in Ap-
pendix E and fixing a light-cone gauge the AdS3 × S3 superstring Lagrangian can be
written as the sum of the bosonic term, term quadratic in fermions and quartic fermionic
term
L = LB + L(2)F + L(4)F . (5.1)
Here
LB = −√ggµν
[
e2φ∂µx
+∂νx
− +
1
2
∂µφ∂νφ+
1
2
eA
′
µ e
A′
ν
]
, (5.2)
where eA
′
µ is the projection of the vielbein of S
3 which in the special parametrization we
will be using is given by
eA
′
µ = −
i
2
Tr(σA
′
∂µUU
−1) +
i
2
Tr(σA
′
∂µU˜ U˜
−1) , (5.3)
U ij ≡ (ey)ij , U˜ ij ≡ (e−y)ij , U †U = I , U˜ †U˜ = I , (5.4)
where the trace is over i, j = 1, 2, 3. The matrices U ∈ SU(2), U˜ ∈ S˜U(2) depends on 3
independent coordinates yA
′
7We use Minkowski signature 2-d world sheet metric gµν with g ≡ −detgµν .
8Note that it is these fermionic coordinates that are most suitable for light-cone gauge fixing of
kappa symmetry in AdS space, both in the superparticle and superstring cases. These coordinates were
introduced in [21] in the study of light-cone gauge dynamics of superparticle in AdS5 × S5. Light-cone
gauge superstring action in AdS5 × S5 written in terms of these coordinates was found in [19].
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yij ≡ i
2
yA
′
(σA
′
)ij , (y
i
j)
∗ = −yji , yii = 0 , (5.5)
where σA
′
are 3 Pauli matrices. The quadratic part of the fermionic action is
L(2)F = e2φ∂µx+
[ i
2
√
ggµν(−θiD˜νθi − ηiDνηi + iηieiνjηj) + ǫµνηiC ′ijD˜νθj
]
+ h.c. . (5.6)
The ǫµν dependent (P-odd) term in (5.6) came from the WZ term in the covariant GS
action on the supercoset. We used the following notation
Dηi = dηi−Ωijηj , Dηi = dηi+ηjΩj i , D˜θi = dθi−Ω˜ijθj , D˜θi = dθi+θjΩ˜j i , (5.7)
eij ≡ (σA′)ijeA′ , (5.8)
and D = dσµDµ , eij = dσµeiµj where σµ = (τ, σ) are 2-d coordinates. D, D˜ are
the generalized spinor derivatives on S3. They have the structure D = d + ΩijJ ji,
D˜ = d + Ω˜ij J˜ j i and satisfy the relation D2 = 0, D˜2 = 0. The connections Ωij, Ω˜ij are
given by
Ω = dUU−1 , Ω˜ = dU˜U˜−1 , dΩ− Ω ∧ Ω = 0 , dΩ˜− Ω˜ ∧ Ω˜ = 0 , (5.9)
and can be written in terms of the S3 spin connection ωA
′B′ and the 3-bein eA
′
as follows
Ωij = −1
4
(σA
′B′)ijω
A′B′+
i
2
(σA
′
)ije
A′ , Ω˜ij = −1
4
(σA
′B′)ijω
A′B′− i
2
(σA)ije
A′ . (5.10)
C ′ij is the constant charge conjugation matrix of the SO(3) Dirac matrix algebra (see
Appendix A). The Hermitean conjugation rules are: θ†i = θ
i, η†i = η
i.
The quartic fermionic term in (5.1) depends only on half of the Grassmann variables
– on η but not on θ
L(4)F = 2
√
ggµνe4φ∂µx
+∂νx
+(ηiηi)
2 (5.11)
5.2 “2-d spinor” form of the action
Like in the flat space case [34] and in the “long string” cases in AdS5 × S5 [9] the
resulting action can then be put into the “2-d spinor” form, where the 4+4 fermionic
degrees of freedom are organized into 2 Dirac 2-d spinors, defined in curved 2-d geometry
(we shall follow similar discussion in AdS5× S5 case in [19]). Such action may be useful
to establishing a relation to NSR formulation.
In order to do that one needs to impose, addition to fermionic light-cone gauge, the
bosonic light-cone gauge. Using the following light-cone gauge [35]
x+ = τ ,
√
ggµν = diag(−e−2φ, e2φ) . (5.12)
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we can write the kinetic term (5.6) as
L(2)F =
i
2
(θiD˜0θi + ηiD˜0ηi − 2iηiei0jηj) + e2φηiC ′ijD˜1θj + h.c. , (5.13)
where we used the relation Dηi = D˜ηi − ieijηj (see (5.10)). Introducing a 2-d zweibein
corresponding to the metric in (5.12)
emµ = diag(e
2φ, 1) , gµν = −e0µe0ν + e1µe1ν , (5.14)
we can put (5.13) in the 2-d form as follows
e−1L(2)F = −
i
2
ψ¯̺meµmD˜µψ +
i
2
ψ¯ψ∂1φ−
√
2ψ¯ie
i
0j̺
−ψj + h.c. , (5.15)
where ̺m are 2-d Dirac matrices,
̺0 = iσ2, ̺
1 = σ1, ̺
3 = ̺0̺1 = σ3 , ̺
± ≡ 1√
2
(̺3 ± ̺0) , (5.16)
ψ¯i = (ψ
i)†̺0, ψ¯ψ stands for ψ¯iψi, ψT denotes the transposition of 2-d spinor and ψ’s are
related to the original (2-d scalar) fermionic variables θ’s and η’s by9
ψi =
(
ψi1
ψi2
)
, ψi1 =
1√
2
[θi − i(C ′−1)ijηj ] , ψi2 =
1√
2
[θi + i(C ′−1)ijηj ] . (5.17)
The quartic interaction term (5.11) then takes the following form
e−1L(4)F = −(ψ¯i̺−ψi)2 . (5.18)
The total action is thus a kind of G/H bosonic sigma model coupled to a Thirring-type
2-d fermionic model in curved 2-d geometry (5.14) (determined by the profile of the radial
function of the AdS space), and coupled to some 2-d vector fields. The interactions are
such that they ensure the quantum 2-d conformal invariance of the total model [3].
The mass term ψ¯ψ∂1φ in (5.15) is similar to the one in [9] (where the background
string configuration was non-constant only in the radial φ direction) and has its origin
in the ǫµνe2φ∂µx
+∂νφη
iC ′ijθ
j term appearing after η ↔ θ symmetrization of the ǫµν term
in (5.6) (its ‘non-covariance’ is thus a consequence of the choice x+ = τ). The action
is symmetric under shifting ψi → ψi + ̺−ǫi, where ǫi is the 2-d Killing spinor. This
symmetry reflects the fact that our original action is symmetric under shifting θi by a
Killing spinor on S3.
Note also that the 2-d Lorentz invariance is preserved by the fermionic light-cone
gauge (original GS fermions θ are 2-d scalars) but is broken by our special choice of
the bosonic gauge (5.12). The special form of gµν in (5.12) implies “non-covariant”
dependence on φ in the bosonic part of the action: the action (5.2) for the field φ and
the 3-sphere coordinates yA
′
has the form
LB = 1
2
e−2φφ˙2 − 1
2
e2φφ´2 +
1
2
GAB(e
−2φy˙Ay˙B − e2φy´Ay´B) , (5.19)
9In our notation iψ¯i̺
m∇mψi = −iψ†1(∇0 −∇1)ψ1 − iψ†2(∇0 +∇1)ψ2, ∇m = eµm∂µ.
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where GAB is the metric of 5-sphere (y
A are coordinates of S3). A consequence of the
unusual gµν gauge choice in (5.12) compared to the standard conformal gauge is that
now the S3 part of the action is no longer decoupled from the radial AdS3 direction φ.
5.3 Fermionic light-cone gauge action
in Killing parametrization
Now let us consider the string action in the Killing parametrization. The action is
again formulated in terms of 6 bosonic coordinates (x±, φ, yA) (A label 3 independent
coordinates of S3) in terms of which the metric of AdS3 × S3 is
ds2 = 2e2φdx+dx− + dφ2 +GAB(y)dy
AdyB , (5.20)
and 8 fermionic coordinates (θi, θi), (η
i, ηi) in the fundamental representations of S˜U(2)
and SU(2) respectively. In contrast to the WZ parametrization, the fermions in the
Killing parametrization transform in the linear representations of SU(2) and S˜U(2), and
thus the covariant derivatives in WZ case (5.7) here will become ordinary derivatives.
The Lagrangian is given by the sum of the “kinetic” and “Wess-Zumino” terms (see
Appendices A and B for notation)
L = Lkin + LWZ ,
Lkin = −√ggµν
[
e2φ∂µx
+∂νx
− +
1
2
∂µφ∂νφ+
1
2
GAB(y)Dµy
ADνy
B
]
− i
2
√
ggµνe2φ∂µx
+
[
θi∂νθi + θi∂νθ
i + ηi∂νηi + ηi∂νη
i + ie2φ∂νx
+(η2)2
]
, (5.21)
LWZ = ǫµνe2φ∂µx+ηiCUij∂νθj + h.c. , (5.22)
where
Dµy
A = ∂µy
A − 2iηi(V A)ijηje2φ∂µx+ , CUij ≡ UkiC ′klU˜ lj . (5.23)
Here GAB and (V
A)ij are the metric tensor and the Killing vectors of S
3 respectively (see
Appendix A). This form of the superstring action (which we shall call “intermediate”) is
most convenient for deriving other forms which differ in the way one chooses the bosonic
coordinates that parametrize AdS3 × S3. For example, a useful form of the action is
found by introducing a unit 4-vector uM defined
uA
′
= nA
′
sin |y| , u4 = − cos |y| , (5.24)
in terms of which the AdS3 × S3 metric is
ds2 = e2φdxadxa + dφ2 + duMduM , uMuM = 1 . (5.25)
Then the string action takes the form
Lkin = −√ggµν
[
e2φ∂µx
+∂νx
− +
1
2
∂µφ∂νφ+
1
2
Dµu
MDνu
M
]
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− i
2
√
ggµνe2φ∂µx
+
[
θi∂νθi + θi∂νθ
i + ηi∂νηi + ηi∂νη
i + ie2φ∂νx
+(η2)2
]
, (5.26)
LWZ = ǫµνe2φ∂µx+(ηiyij∂νθj + ηiyij∂νθj) , (5.27)
where we used the relation CUij = −iC ′ikukj , made the rescalings ηi → iηi, ηi → −iηi and
introduced the following notation
uij ≡ (σM)ijuM , yij ≡ C ′ikukj , yij ≡ −uik(C ′−1)kj , (5.28)
Dµu
M = ∂µu
M − 2iηi(RM)ijηje2φ∂µx+ , (RM)ij = −1
2
(σMN)iju
N . (5.29)
with σMN defined in (A.4). Note that uij, yij, y
ij transform in the fundamental rep-
resentation of SU(2) with respect to the index i and in fundamental representation of
S˜U(2) with respect to the index j. They satisfy
y∗ij = −yij , ui∗j = u¯ji , u¯ij ≡ (σ¯M)ijuM , u¯ik(C ′−1)kj = ujk(C ′−1)ki . (5.30)
The parametrization based on uM is the most convenient one for the discussion of su-
perparticle in AdS3 × S3 and of harmonic decomposition of the light-cone superfield of
type IIB supergravity into the Kaluza-Klein modes (see Sections 3,4). We shall use this
parametrization in the study of the light-cone superstring Hamiltonian in Section 6.
The superstring Lagrangian (5.21),(5.22) taken in any of its forms mentioned above
can be represented in the following way
L = L1 + L2 , (5.31)
L1 = −hµν∂µx+∂νx− + ∂µx+Aµ + 1
2
hµν∂µx
+∂νx
+B − 1
2
hµνgABDµy
ADνy
B , (5.32)
L2 = −1
2
hµνe−2φ∂µφ∂νφ+ T , (5.33)
where
gAB ≡ e−2φGAB , DµyA ≡ ∂µyA + FA∂µx+ , (5.34)
and hµν is defined by
hµν ≡ √ggµνe2φ , h00h11 − (h01)2 = −e4φ . (5.35)
The decomposition (5.31) is made so that the functions Aµ, B, FA depend (i) on the
anticommuting coordinates and their derivatives with respect to both τ and σ, and (ii)
on the bosonic coordinates and their derivatives with respect to the world sheet spatial
coordinate σ only. The reason for this decomposition is that below we shall use the
phase space description with respect to the bosonic coordinates only, i.e. we shall not
make the Legendre transformation with respect to the fermionic coordinates.
In the case of the “intermediate” form of the action (5.21),(5.22) these functions are
Aµ = − i
2
hµν(θi∂νθi + η
i∂νηi) + ǫ
µ1e2φηiCUij θ´
j + h.c. , (5.36)
B = e2φ(η2)2, FA = −2ie2φηi(V A)ijηj, T = −e2φx´+ηiCUij θ˙j + h.c. . (5.37)
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6 Light cone Hamiltonian approach
to superstring in AdS3 × S3
Our next task is to fix the bosonic part of the light-cone gauge. We shall use the gener-
alization of the phase space GGRT approach [36] to a curved AdS-type space described
in [20], fixing the diffeomorphisms in AdS3×S3 cases by the same gauge condition as in
flat space. Most of the discussion below will follow closely Ref. [20].
6.1 Phase space Lagrangian
Computing the canonical momenta for the bosonic coordinates
Pa = ∂L
∂x˙a
, Π =
∂L
∂φ˙
, PA = ∂L
∂y˙A
, (6.1)
we get from (5.31)
Π = −h00e−2φφ˙+ − h01e−2φφ´+ , (6.2)
P+ = −h00x˙+ − h01x´+ , (6.3)
PA = −h00y˙A − h01y´A + FAP+ , (6.4)
P− = −h00x˙− − h01x´− + A0 − BP+ + PAFA . (6.5)
where P± ≡ P∓, PA ≡ gABPB. By applying the same procedure as in the bosonic case
we find then the following phase space Lagrangian L = L1 + L2 (see [20])
L1 = P+x˙− + P−x˙+ + PAy˙A + 1
2h00
[
2P+P− + 2e4φx´+x´−
+ gABPAPB + e4φgABD1yAD1yB + (P+2 − e4φx´+2)B − 2FAPAP+
]
+
h01
h00
(P+x´− + P−x´+ + PAy´A)− 1
h00
(P+ + h01x´+)A0 + x´+A1 , (6.6)
L2 = Πφ˙+ 1
2h00
e2φ(Π2 + φ´2) +
h01
h00
Πφ´+ T . (6.7)
Next, we impose the light-cone gauge
x+ = τ , P+ = p+ . (6.8)
Using these gauge conditions in the action and integrating over P− we get the expression
for h00
h00 = −p+ . (6.9)
Inserting this into (6.6), (6.7) we get the following general form of the phase space
light-cone Lagrangian10
L1 = PAy˙A − 1
2p+
(
gABPAPB + e4φgABy´Ay´B + p+2B − 2p+FAPA
)
10Note that the function T in (5.37) is equal to zero in the light-cone gauge (6.8).
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− h
01
p+
(p+x´− + PAy´A) + A0 , (6.10)
L2 = Πφ˙− 1
2p+
e2φ(Π2 + φ´2)− h
01
p+
Πφ´ . (6.11)
This general form of the phase space Lagrangian can be specialized to different choices
of bosonic coordinates by using the corresponding functions A0, B, and FA. For the
“intermediate” case (5.21),(5.22) these functions are given by (5.36),(5.37) so that we
get
L = L1 + L2 = Πφ˙+ PAy˙A + i
2
p+(θiθ˙i + η
iη˙i + θiθ˙
i + ηiη˙
i)
− e
2φ
2p+
[
Π2 + φ´2 + 2l2 +GABy´
Ay´B + p+2(η2)2 + 4p+ηil
i
jη
j
]
+ e2φ(ηiCUij θ´
j + ηiC
ij
U θ´j)
− h
01
p+
[
p+x´− +Πφ´+ PAy´A + i
2
p+(θiθ´i + η
iη´i + θiθ´
i + ηiη´
i)
]
.(6.12)
Here C ijU = −(CUij )∗, and we used the relation
GABPAPB = 2l2 , lij ≡ i(V A)ijPA , l2 ≡ lijlj i . (6.13)
By applying a coordinate transformation one gets the phase space Lagrangian corre-
sponding to the case (5.26),(5.27) in which the S3 part is parametrized by the unit
4-vector uM
L = Πφ˙+ PM u˙M + i
2
p+(θiθ˙i + η
iη˙i + θiθ˙
i + ηiη˙
i)
− e
2φ
2p+
[
Π2 + φ´2 + 2l2 + u´M u´M + p+2(η2)2 + 4p+ηil
i
jη
j
]
+ e2φ(ηiyij θ´
j + ηiy
ij θ´j)
− h
01
p+
[
p+x´− +Πφ´+ PM u´M + i
2
p+(θiθ´i + η
iη´i + θiθ´
i + ηiη´
i)
]
, (6.14)
where PM is the canonical momentum for uM and lij in (6.13) has the following explicit
form
lij =
i
2
(σMN)iju
MPN . (6.15)
Here and below lij is for the classical orbital momentum (note that going to the super-
particle limit, after the quantization we get PM = −i∂ˆM and then the classical orbital
momentum lij (6.15) becomes the quantum momentum l
i
j in (3.9)). Taking into account
the constraint uMPM = 0 (see (6.32)) we get
likl
k
j =
1
4
PMPMδij , l2 = 1
2
PMPM . (6.16)
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The above Lagrangian leads to the following (minus) Hamiltonian
P− =
∫ 1
0
dσ P− , (6.17)
where the Hamiltonian density −P− is given by
P− = − e
2φ
2p+
[
Π2+φ´2+2l2+u´M u´M+p+2(η2)2+4p+ηil
i
jη
j
]
+e2φ(ηiyij θ´
j+ηiy
ij θ´j) . (6.18)
It should be supplemented by the constraint
p+x´− +Πφ´+ PM u´M + i
2
p+(θiθ´i + η
iη´i + θiθ´
i + ηiη´
i) = 0 . (6.19)
As usual, this constraint allows one to express the non-zero modes of the bosonic coor-
dinate x− in terms of the transverse physical ones.
It is easy to see that in the particle theory limit the superstring Hamiltonian (6.18)
reduces to the superparticle one which was found in section 3 by applying the direct
method of constructing relativistic dynamics [24] based on the symmetry algebra. Indeed,
the (quantum, operator-ordered) superparticle light-cone Hamiltonian in (3.14),(3.19)
can be rewritten as follows
P− = − 1
2p+
[
eφΠeφΠ+ e2φ(2l2 + (p+η2 − 1)2 + 4p+ηilijηj)
]
. (6.20)
The string Hamiltonian (6.18) reduces to (6.20) modulo terms “quantum” terms pro-
portional to η2 and a constant (in string Hamiltonian we ignore operator ordering). The
derivation of the light-cone string action from the covariant one given above thus pro-
vides, in the particle limit, also a self-contained Lagrangian derivation of the light-cone
gauge superparticle Hamiltonian (3.14) (obtained indirectly from the symmetry algebra
in Section 3) from a covariant action. This represents a consistency check on the two
different methods used in Section 3 and in the present Section.
6.2 Equations of motion
The equations of motion corresponding to the phase space superstring Lagrangian (6.14)
are
φ˙ =
e2φ
p+
Π , Π˙ =
1
p+
∂σ(e
2φφ´) + 2P− , (6.21)
u˙M =
e2φ
p+
PM − ie2φηi(σMN)ijηjuN , (6.22)
P˙M = −e
2φ
p+
uMPNPN + 1
p+
vMN∂σ(e
2φu´N)− ie2φηi(σMN)ijηjPN (6.23)
+ e2φvMNηiρNij θ´
j + e2φvMNηi(ρ
N)ij θ´j (6.24)
θ˙i =
i
p+
∂σ(e
2φηjy
ji) , θ˙i =
i
p+
∂σ(e
2φηjyji) , (6.25)
η˙i = e2φ
[
iη2ηi − 2i
p+
(lη)i +
i
p+
yij θ´j
]
, η˙i = e
2φ
[
−iη2ηi + 2i
p+
(ηl)i +
i
p+
yij θ´
j
]
,(6.26)
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where vMN is given by (3.11) and, as previously, do not distinguish between the upper
and lower “S3” indices M,N , i.e. use the convention PM = PM . These equations can
be written in the Hamiltonian form. Introducing the notation X for the phase space
variables (Π, φ,PM , uM , θi, θi, ηi, ηi), the Hamiltonian equations are
X˙ = [X ,P−] , (6.27)
where the phase space variables satisfy the (classical) Poisson-Dirac brackets
[ Π(σ), φ(σ′) ] = δ(σ, σ′) , (6.28)
[PM(σ), uN(σ′)] = vMNδ(σ, σ′) , [PM(σ),PN (σ′)] = (uMPN − uNPM)δ(σ, σ′) ,
(6.29)
{θi(σ), θj(σ′)} = i
p+
δji δ(σ, σ
′) , {ηi(σ), ηj(σ′)} = i
p+
δji δ(σ, σ
′) , (6.30)
[x−0 , θ
i] =
1
2p+
θi, [x−0 , θi] =
1
2p+
θi , [x
−
0 , η
i] =
1
2p+
ηi, [x−0 , ηi] =
1
2p+
ηi . (6.31)
x−0 is the zero mode of x
− so that [p+, x−0 ] = 1. All the remaining brackets are equal to
zero. The structure of (6.29) reflects the fact that in the Hamiltonian formulation the
condition uMuM = 1 should be supplemented by the constraint
uMPM = 0 . (6.32)
These are second class constraints, and the Dirac procedure leads then to the classical
Poisson-Dirac brackets (6.29). To derive (6.30),(6.31) one is to take into account that
the Lagrangian (6.14) has the following second class constraints
pθi +
i
2
p+θi = 0 , pθi +
i
2
p+θi = 0 , (6.33)
where pθi , pθi are the canonical momenta of fermionic coordinates. The same constraints
are found for the fermionic coordinates ηi, ηi. Starting with the Poisson brackets
{pθi, θj}P.B. = δji , {pθi, θj}P.B. = δij , [p+, x−0 ]P.B. = 1 , (6.34)
one gets then the Poisson-Dirac brackets given in (6.30),(6.31).
7 Noether charges as generators of the superalgebra
psu(1, 1|2)⊕ p˜su(1, 1|2)
The Noether charges play an important role in the analysis of the symmetries of dynam-
ical systems. The choice of the light-cone gauge spoils manifest global symmetries, and
in order to demonstrate that these global invariances are still present one needs to find
the Noether charges which generate them.11 These charges determine the structure of
11In what follows “currents” and “charges” will mean both bosonic and fermionic ones, i.e. will
include supercurrents and supercharges.
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superstring field theory in the light-cone gauge [37]. The first step in the construction
of superstring field theory is to find a free (quadratic) superfield representation of the
generators of the psu(1, 1|2) ⊕ p˜su(1, 1|2) superalgebra. The charges we obtain below
can be used to obtain (after quantization) these free superstring field charges.
The Noether charges for a superparticle in AdS3×S3 were found in Section 3. These
charges are helpful in establishing a correspondence between the bulk fields of type IIB
supergravity and the chiral primary operators of the boundary theory in a manifestly
supersymmetric way. Superstring Noether charges should thus be important for the
study of the AdS/CFT correspondence at the full string-theory level. Our discussion
below will be an adaptation to the AdS3 × S3 case of the results for the currents in the
AdS5 × S5 case given in [20].
7.1 Currents for κ-symmetry light-cone gauge fixed
superstring action
As usual, symmetry generating charges can be obtained from conserved currents. Since
currents themselves may be helpful in some applications, we shall first derive them
starting with the κ-symmetry gauge fixed Lagrangian in the form given in (5.26),(5.27)
and using the standard Noether method based on the localization of the parameters of the
associated global transformations. Let ǫ be a parameter of some global transformation
which leaves the action invariant. Replacing it by a function of worldsheet coordinates
τ, σ, the variation of the action takes the form
δS =
∫
d2σ Gµ∂µǫ , (7.1)
where Gµ is the corresponding current. Making use of this formula, we shall find below
those currents which are related to symmetries that do not involve compensating κ-
symmetry transformation. The remaining currents will be found in the next subsection
starting from the action (6.14) where both the κ-symmetry and the bosonic light-cone
gauges are fixed.
Let us start with the translation invariance δxa = ǫa. Applying (7.1) to the La-
grangian (5.26),(5.27) gives the translation currents
P+µ = −√ggµνe2φ∂νx+ , (7.2)
P−µ = −√ggµν
(
e2φ∂νx
− + FMDνu
M
)
− i
2
√
ggµνe2φ
(
θi∂νθi + θi∂νθ
i + ηi∂νηi + η
i∂νη
i + 2ie2φ∂νx
+(η2)2
)
+ ǫµνe2φ(ηiyij∂νθ
j + ηiy
ij∂νθj) , F
M ≡ iηi(σMN)ijηje2φuN . (7.3)
Some of the remaining bosonic currents can be expressed in terms of supercurrents. The
invariance with respect to the super-transformations
δθi = ǫi , δθi = ǫi , δx
− = − i
2
ǫiθi − i
2
ǫiθ
i , (7.4)
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gives the supercurrents
Q+iµ = −√ggµνe2φθi∂νx+ + iǫµνe2φηjyji∂νx+ , (7.5)
Q+µi = −
√
ggµνe2φθi∂νx
+ + iǫµνe2φηjyji∂νx
+ . (7.6)
The invariance of the action (5.26),(5.27) with respect to the rotation of (super) coordi-
nates in the (x+, x−) plane
δx± = e±ǫx± , δ(θi, θi , η
i, ηi) = e
−ǫ/2(θi, θi , η
i, ηi) , (7.7)
leads to
J +−µ = x+P−µ − x−P+µ + i
2
θiQ+µi +
i
2
θiQ+iµ , (7.8)
while the invariance with respect to the dilatations
δxa = eǫxa , δφ = −ǫ , δ(θi, θi , ηi, ηi) = eǫ/2(θi, θi , ηi, ηi) , (7.9)
implies conservation of the dilatation current
Dµ = xaPaµ +√ggµν∂νφ− i
2
θiQ+µi −
i
2
θiQ+iµ . (7.10)
The invariances with respect to the SU(2) (ǫii = 0) and S˜U(2) rotations (ǫ˜
i
i = 0)
δyij = ǫily
lj , i.e. δuM = −1
2
ǫij(σ
MN)jiu
N , δηi = ǫijη
j , δηi = −ηjǫj i , (7.11)
δyij = ǫ˜j ly
il, i.e. δuM = −1
2
ǫ˜ij(σ¯
MN)j iu
N , δθi = ǫ˜ijθ
j , δθi = −θj ǫ˜j i , (7.12)
give the following SU(2) and S˜U(2) currents, respectively,
J i µj = −i
√
ggµν
1
2
(σMN)iju
MDνu
N + (ηiηj − 1
2
δijη
2)P+µ . (7.13)
J˜ i µj = − i
√
ggµν
1
2
(σ¯MN)iju
MDνu
N + (θiθj − 1
2
δijθ
2)P+µ
− iǫµνe2φ∂νx+(ηlyljθi − 1
2
δijη
kyklθ
l) + iǫµνe2φ∂νx
+(ηly
liθj − 1
2
δijηky
klθl) .(7.14)
7.2 Charges for bosonic and κ-symmetry light-cone gauge fixed
superstring action
In the previous Section we have listed the (super)currents starting with the κ-symmetry
light-cone gauge fixed action given in (5.26),(5.27). They can be used to find currents
for the action where both the fermionic κ-symmetry and the bosonic reparametrization
symmetry are fixed by the light-cone type gauges (6.14). To find the components of
currents (G0) in the world-sheet time direction one needs to use the relations (6.2)–(6.5)
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for the canonical momenta and to insert the light-cone gauge conditions (6.8) and (6.9)
into the expressions for the currents. The charges are then G =
∫
dσ G0.
Let us start with the kinematical generators (charges) (3.1). The results for the
currents imply the following representations
P+ = p+ , Q+i =
∫
p+θi , Q+i =
∫
p+θi . (7.15)
Note that these charges depend only on the zero modes of string coordinates (the inte-
grands are G0 parts of the corresponding currents in world-sheet time direction: Q+i0,
Q+0i and P+0 = p+). The remaining kinematical charges depend on non-zero string
modes
J+− =
∫
x+P− − x−p+ , D =
∫
x+P− + x−p+ − Π , (7.16)
J ij =
∫
lij + p
+ηiηj − 1
2
δijp
+η2 , J˜ ij =
∫
l˜ij + p
+θiθj − 1
2
δijp
+θ2 , (7.17)
where lij is given by (6.15) and l˜
i
j =
i
2
(σ¯MN)iju
MPN . The derivation of the remaining
charges follows the procedure described in Appendix D of [20]. The conformal (su-
per)charges are given by (3.27),(3.28) where
S+i |x+=0 =
∫
1√
2
e−φp+ηi , S
+i|x+=0 =
∫
1√
2
e−φp+ηi , (7.18)
K+|x+=0 =
∫
−1
2
e−2φp+ . (7.19)
The dynamical Poincare´ charges Q−i, Q−i and the conformal charges S
−i, S−i are
Q−i =
∫ eφ√
2
(
iηiΠ− p+η2ηi + 2ηjlj i + yij θ´j
)
, (7.20)
Q−i =
∫
eφ√
2
(
−iηiΠ− p+η2ηi + 2lijηj − yij θ´j
)
. (7.21)
S−i =
∫
θiS − l˜ijθj + 1
2
e−φ∂σ(e
φηj) y
ji (7.22)
S−i =
∫
θiS¯ − θj l˜j i − 1
2
e−φ∂σ(e
φηj) yji (7.23)
S = ix−p+ − i
2
Π +
1
2
p+θ2 , S¯ = −ix−p+ + i
2
Π +
1
2
p+θ2 . (7.24)
Note that the G|x+=0 parts of the kinematical charges (3.1) can be obtained from the
superparticle ones simply by replacing the particle coordinates by the string ones. The
remaining dynamical generator K− can be found by using the expressions found above
and applying the commutation relations of psu(1, 1|2)⊕ p˜su(1, 1|2) superalgebra.
Our classical charges are normalized so that after the quantization, i.e. the replace-
ment of the classical Poisson-Dirac brackets (6.28)-(6.31) by quantum (anti)commutators
[ , ]
P.B
→ i[ , ] , { , }
P.B
→ i{ , } , (7.25)
redefinitions J+− → −iJ+−, D → −iD, K± → −K±, and appropriate operator ordering
the charges satisfy the commutation relations of psu(1, 1|2) ⊕ p˜su(1, 1|2) superalgebra
given in (2.8)-(2.15).
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Appendix A Notation and basic definitions
In the main part of the paper we use the following conventions for the indices:
a, b = 0, 1 boundary Minkowski space indices
A,B, C = 1, 2, 3 S3 coordinate space indices
A′,B′,C′ = 1, 2, 3 so(3) vector indices (S3 tangent space indices)
M,N,K, L = 1, . . . , 4 so(4) vector indices
i, j, k, n = 1, 2 su(2) and s˜u(2) vector indices
µ, ν = 0, 1 world-sheet coordinate indices
We decompose xa into the light-cone coordinates xa = (x+, x−) where x± ≡ 1√
2
(x1±x0).
We suppress the flat space metric tensor ηab = (−,+) in scalar products, i.e. AaBa ≡
ηabA
aBb. The SO(1, 1) vector Aa is decomposed as Aa = (A+, A−) so that the scalar
product is AaBa = A+B− + A−B+. The derivatives with respect to the world-sheet
coordinates (τ, σ) are
x˙ ≡ ∂τx , x´ ≡ ∂σx (A.1)
The world-sheet Levi-Civita ǫµν is defined with ǫ01 = 1.
The four matrices (σM)ij , (σ¯
M)ij are off-diagonal blocks of the SO(4) Dirac matrices
γM in the chiral (Weyl) representation, i.e.
γM =
(
0 σM
σ¯M 0
)
, (σM)ik(σ¯
N)kj + (σ
N)ik(σ¯
M)kj = 2δ
MNδij , (A.2)
C ′ik(σ
M)kj = C
′
jk(σ¯
M)ki , (σ
M)i∗j ≡ (σ¯M)ji , (A.3)
where C ′ is a charge conjugation matrix. σMN , σ¯MN are defined by
(σMN)ij ≡ 1
2
(σM)ik(σ¯
N)kj − (M ↔ N) , (σ¯MN)ij ≡ 1
2
(σ¯M)ik(σ
N)kj − (M ↔ N) .
(A.4)
We use the following explicit form of σM , σ¯M and C ′ij
σM = (σA
′
,−iI) , σ¯M = (σA′ , iI) , C ′ij = cǫij , |c| = 1 . (A.5)
We also use the matrices ρM defined by
ρMij ≡ C ′ik(σM)kj , (ρM)ij ≡ −(σM)ik(C ′−1)kj , (ρMij )∗ = −(ρM )ij (A.6)
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We assume the following Hermitian conjugation rule for the fermionic coordinates and
the notation for their squares
θ†i = θ
i , η†i = η
i , θ2 ≡ θiθi , η2 ≡ ηiηi . (A.7)
The generators of the su(2) and s˜u(2) subalgebras of so(4)
[JMN , JKL] = δNKJML + 3 terms (A.8)
are defined by
J ij =
1
4
(σMN)ijJ
MN , J˜ ij =
1
4
(σ¯MN)ijJ
MN . (A.9)
The translation operator J4A
′
on S3 is
J4A
′
=
i
2
(σA
′
)j i(J
i
j − J˜ ij), . (A.10)
The coset representative of S3 defined by gy ≡ exp(yA′J4A′) takes then the form given
in (E.6) below. In terms of these coordinates, the 3-sphere interval, metric tensor and
vielbein are given by
ds2S3 = d|y|2 + sin2|y|ds2S2 , ds2S2 = dnAdnA , nAnA = 1 , (A.11)
GAB = e
A′
A
eA
′
B
, eA
′
A
=
sin |y|
|y| (δ
A′
A
− nAnA′) + nAnA′ , (A.12)
GAB =
sin2 |y|
|y|2 (δAB − nAnB) + nAnB , n
A ≡ y
A
|y| , |y| =
√
yA′yA′ . (A.13)
We use the convention yA = δAA′y
A′ and the same for nA
′
. The S3 Killing vectors V A
′
and V A
′B′ corresponding to the 3 translations and 3 SO(3) rotations are
V A
′
=
[
|y| cot |y|(δA′A − nA′nA) + nA′nA
]
∂yA , V
A′B′ = yA
′
∂yB′ − yB
′
∂yA′ . (A.14)
They can be collected into the SU(2) combination
(V A)ij∂yA =
1
4
(σA
′B′)ijV
A′B′ +
i
2
(σA
′
)ijV
A′ . (A.15)
These relations and (5.24) imply the following relations
GAB(ηV
Aη)(ηV Bη) = (ηRMη)2 , GAB(ηV
Aη)dyB = (ηRMη)duM , (A.16)
where RM is defined by (5.29), which have been used to transform (5.21) to (5.26).
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Appendix B Light-cone basis of psu(1, 1|2)⊕ p˜su(1, 1|2)
Here we explain the relation between the su(1, 1)⊕ su(2) covariant and light-cone bases
of the psu(1, 1|2) algebra and define the light-cone basis of psu(1, 1|2)⊕ p˜su(1, 1|2). We
find it convenient to introduce intermediate basis defined by
m+− ≡ −m11 , m+1 ≡ 1√
2
m21 , m
−1 ≡ − 1√
2
m12 , (B.1)
q+i ≡ −qi1 , q−i ≡ qi2 , q+i ≡ q2i , q−i ≡ q1i . (B.2)
In this basis the Hermitean rules for supercharges take conventional form (q+i)† = q+i ,
(q−i)† = q−i , and for the (anti)commutators one has
[m+−, m±1] = ±m±1 , [m+1, m−1] = −m+− , [m+−, q±i ] = ±
1
2
q±i , (B.3)
{q±i, q±j } = −a
√
2δijm
±1 , {q±i, q∓j } = a(δijm+− ∓mij) , (B.4)
[q−i, m+1] = − 1√
2
q+i , [q+i, m−1] =
1√
2
q−i . (B.5)
The light-cone basis of psu(1, 1|2)⊕ p˜su(1, 1|2) superalgebra is defined by
P+ =
√
2m˜+1 , P− =
√
2m−1 , K+ =
√
2m+1 , K− =
√
2m˜−1 , (B.6)
J+− = m+− + m˜+− , D = m+− − m˜+− , J ij = mij , J˜ ij = m˜ij , (B.7)
Q+i = q˜+i , Q+i = q˜
+
i , Q
−i = q−i , Q−i = q
−
i , (B.8)
S−i = a˜q˜−i , S−i = a˜
∗q˜−i , S
+i = aq+i , S+i = a
∗q+i . (B.9)
The constants a, a˜ are chosen to be a = −i, a˜ = i. Then the commutation relations are
[P±, K∓] = D ∓ J+− ,
[D,P±] = −P± , [D,K±] = K± , [J+−, P±] = ±P± , [J+−, K±] = ±K± ,
[D,Q±i ] = −12Q±i , [D,S±i ] = 12S±i , [J+−, Q±i ] = ±12Q±i , [J+−, S±i ] = ±12S±i ,
[S±i , P
∓] = iQ∓i , [Q
±i, K∓] = −iS∓i, {Q±i, Q±j } = ∓iP±δij , {S±i, S±j } = ±iK±δij
{Q+i, S−j } = 12(J+− −D)δij − J˜ ij , {Q−i, S+j } = 12(J+− +D)δij + J ij . (B.10)
The supercharges Q−i , Q
−i, S+i, S+i transform in the fundamental representation of su(2)
i.e. they are rotated only by J ij and satisfy (2.13). The remaining supercharges Q
+i,
Q+i , S
−i, S−i transform in fundamental representation of s˜u(2) i.e. they are rotated only
by J˜ ij and satisfy (2.14). All the generators except K
a and P a satisfy the Hermiteant
conjugation rules in (2.6), while Ka and P a are taken to be anti-Hermitean: (P±)† =
−P±, (K±)† = −K±. The light-cone basis for generators described above is used in the
calculation of the Cartan forms in Appendix E. Making the substitutions P± → iP±,
K± → −iK± we obtain the basis used in Sections 2-4.
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Appendix C Derivation of supercharges
Here we would like to demonstrate how the knowledge of kinematical charges and com-
mutation relations of superalgebra allows one to get dynamical charges systematically.
Consider, for example, the dynamical supercharges Q−i whose most general form is
Q−i = Q−i(p+, ∂p+ , z, ∂z, θ, λ, η, ϑ) , (C.1)
where a dependence on S3 is not shown explicitly. From [P+, Q−i] = 0 we get
Q−i =
(1)
Q−i(p+, z, ∂z, θ, λ, η, ϑ) , (C.2)
i.e. we learn that Q−i does not depend on ∂p+ . From {Q−i, Q+j} = 0 we get
(1)
Q−i(p+, z, ∂z, θ, λ, η, ϑ) =
(2)
Q−i(p+, z, ∂z, θ, η, ϑ) , (C.3)
i.e. Q−i does not depend on λ. The anticommutator {Q−i, Q+j } = 0 tell us that Q−i
does not depend on θ, i.e.
(2)
Q−i(p+, z, ∂z , θ, η, ϑ) =
(3)
Q−i(p+, z, ∂z, η, ϑ) . (C.4)
From [Q−i, K+] = S+i we get
(3)
Q−i =
1√
2
ηi∂z +
(4)
Q−i(p+, z, η, ϑ) , (C.5)
i.e.
Q−i =
1√
2
ηi∂z +
(4)
Q−i(p+, z, η, ϑ) , (C.6)
and from {Q−i, S+j} = 0 we get
(4)
Q−i = − 1√
2z
ηi(ηϑ) +
(5)
Q−i(p+, z, η) (C.7)
i.e.
Q−i =
1√
2
ηi∂z − 1√
2z
ηi(ηϑ) +
(5)
Q−i(p+, z, η) . (C.8)
The second anticommutator in (2.12) gives
(5)
Q−i(p+, z, η) =
1
2
√
2z
ηi +
2√
2z
(lη)i +
(6)
Q−i(p+, z) , (C.9)
and the su(2) covariance implies
(6)
Q−i(p+, z) = 0. Taking this into account and plugging
(C.9) into (C.8) we get Q−i given by (3.16). Using the Hermitean conjugation rule
(Q−i)† = Q−i we get the expression for Q
−
i in (3.15). The anticommutator {Q−i , Q−j} =
−P−δji determines P−, i.e. the Hamiltonian. The remaining dynamical generators K−,
S−i, S−i can be obtained in a similar way.
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Appendix D Eigenvectors of AdS mass operator
Here we would like to explain the procedure of finding the eigenvectors of the AdS mass
operator A or the operator X in (3.19) in Section 4.1. Since the superfield Φk,σ in (4.11)
diagonalizes the operators l2 and ηϑ we have to diagonalize the operator ϑlη ≡ ϑilijηj ,
i.e. to find the solution to equation
ϑlη Φk,1 = m Φk,1 , (D.1)
where m is an eigenvalue. We look for the following most general solution
Φk,1 = (ϑi + c(ϑl)i)Φ
i
k,1 , (D.2)
where Φi does not depend on ϑ and c should be determined. Making use of
{(ϑl)j , (lη)i} = 1
2
(l2 + 2ϑlη)δij + (ηϑ− 1)lij (D.3)
and ηjΦik,1 = 0 we get
(ϑlη)Φk,1 =
(
(1 + c)(ϑl)i +
k(k + 2)
4
cϑi
)
Φik,1 . (D.4)
From (D.1) we find then the equations
k(k + 2)
4
c = m, (1 + c) = mc , (D.5)
which are solved by
m(1) = −k
2
, c(1) = − 2
k + 2
; m(2) =
k + 2
2
, c(2) = −2
k
. (D.6)
Thus we have the two solution and the two eigenvectors
Φ
(1)
k,1 = (ϑi −
2
k + 2
(ϑl)i)Φ
i
k,1, Φ
(2)
k,1 = (ϑi −
2
k
(ϑl)i)Φ
i
k,1 . (D.7)
Taking into account the relation
2l2Φ
(1,2)
k,1 = k(k + 2)Φ
(1,2)
k,1 , (ηϑ− 1)Φ(1,2)k,1 = 0 , (D.8)
and the eigenvalues m(1) and m(2) of ϑlη given in (D.6) we get the following eigenvalues
of the operator X
XΦ
(1)
k,1 = k
2Φ
(1)
k,1 , XΦ
(2)
k,1 = (k + 2)
2Φ
(2)
k,1 . (D.9)
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Appendix E Superstring action
The standard kinetic term of superstring action in AdS3 × S3 [14–16]
Lkin = −1
2
√
ggµν
(
LˆAµ Lˆ
A
ν + L
A′
µ L
A′
ν
)
, (E.1)
can be rewritten in conformal algebra notation as [19]
Lkin = −1
2
√
ggµν
(
LˆaµLˆ
a
ν + LDµLDν + L
A′
µ L
A′
ν
)
, (E.2)
where the Cartan 1-forms
Lˆa ≡ La
P
− 1
2
La
K
, LA
′ ≡ − i
2
(σA
′
)ijL
j
i +
i
2
(σA
′
)ijL˜
j
i , (E.3)
in the light-cone basis are defined by
G−1dG = La
P
P a + La
K
Ka + LDD + L
−+J+− + LijJ
j
i + L˜
i
j J˜
j
i (E.4)
+ L−i
Q
Q+i + L
−
Q iQ
+i + L+i
Q
Q−i + L
+
Q iQ
−i + L−i
S
S+i + L
−
S iS
+i + L+i
S
S−i + L
+
S iS
−i ,
where the generators are taken in the basis described in Appendix B. To represent the
Cartan 1-forms in terms of the even and odd coordinate fields we shall start with the
following supercoset representative
G = exp(xaP a + θ−iQ+i + θ
−
i Q
+i + θ+iQ−i + θ
+
i Q
−i) (E.5)
× exp(η−iS+i + η−i S+i + η+iS−i + η+i S−i) gy gφ ,
where gφ and gy depend on the radial AdS3 coordinate φ and S
3 coordinates yA
′
respec-
tively:
gφ ≡ exp(φD) , gy ≡ exp(yij(J ji − J˜ j i)) , yij ≡ i
2
(σA)ijy
A′ . (E.6)
Choosing the parametrization of the coset representative in the form (E.5) corresponds
to what is usually referred to as “Killing gauge” in superspace. Eq. (E.4) provides the
definition of the Cartan forms in the light-cone basis. Let us further specify them by
setting to zero some of the fermionic coordinates which corresponds to fixing a particular
κ-symmetry gauge. Namely, we shall fix the κ-symmetry by putting to zero all the
Grassmann coordinates which carry positive J+− charge: θ+i = θ+i = η
+i = η+i = 0.
To simplify the notation in what follows we shall set θi ≡ θ−i, θi ≡ θ−i , ηi ≡ η−i,
ηi ≡ η−i . Note that since S+i and Q+i transform in the fundamental representations of
su(2) and s˜u(2) the corresponding fermionic coordinates η’s and θ’s also transform in
the fundamental representation of su(2) and s˜u(2). As a result, the κ-symmetry fixed
form of the coset representative (E.5) is
Gg.f. = exp(x
aP a + θiQ+i + θiQ
+i) exp(ηiS+i + ηiS
+i) gy gφ . (E.7)
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Plugging Gg.f. into (E.4) we get the κ-symmetry gauge fixed expressions for the Cartan
1-forms
L+
P
= eφdx+ , L−
P
= eφ(dx− − i
2
θ˜id˜θi − i
2
θ˜id˜θi) , (E.8)
L−
K
= e−φ[
1
4
(η˜2)2dx+ +
i
2
η˜id˜ηi +
i
2
η˜id˜ηi] , LD = dφ , (E.9)
Lij = (dUU
−1)ij + i(η˜
iη˜j − 1
2
η˜2δij)dx
+ , L˜ij = (dU˜U˜
−1)ij , (E.10)
L−i
Q
= eφ/2d˜θ
i
, , L−
Qi = e
φ/2d˜θi , L
+i
Q
= −ieφ/2η˜idx+, L+
Qi = ie
φ/2η˜idx
+, (E.11)
L−i
S
= e−φ/2(d˜η
i
+
i
2
η˜2η˜idx+) , L−
Si = e
−φ/2(d˜ηi −
i
2
η˜2η˜idx
+) , (E.12)
with all the remaining forms equal to zero. We have introduced the notation
η˜i ≡ U ijηj , η˜i ≡ ηj(U−1)j i , θ˜i ≡ U˜ ijθj , θ˜i ≡ θj(U˜−1)j i , (E.13)
d˜η
i ≡ U ijdηj , d˜ηi ≡ dηj(U−1)ji , d˜θi ≡ U˜ ijdθj , d˜θi ≡ dθj(U˜−1)ji . (E.14)
The fact that θi and ηi are rotated by S˜U(2) and SU(2) is related to the presence of
the matrices U˜ ∈ S˜U(2) and U ∈ SU(2) in the definition of θ˜i and η˜i. These matrices
defined by (5.4) can be written explicitly as
U = cos
|y|
2
+ iσA
′
nA
′
sin
|y|
2
, U˜ = cos
|y|
2
− iσA′nA′ sin |y|
2
, (E.15)
where |y| and nA′ are given by (A.13).
The S3 components LA
′
of the Cartan forms defined by (E.3) can be written in the
following equivalent ways
LA
′
= eA
′ − 1
2
η˜i(σ
A′)ij η˜
jdx+ , LA
′
= eA
′
A
(dyA + iηi(V
A)ijη
jdx+) (E.16)
where eA
′
A
and (V A)ij are defined by (A.12) and (A.15) and we used the relation
eAA′(U
†σA
′
U)ij = −2i(V A)ij , eAA′eB
′
A
= δB
′
A′ . (E.17)
Plugging the Cartan 1-forms into the kinetic part of the string Lagrangian (E.2) we get
Lkin = −√ggµν
[
e2φ∂µx
+∂νx
− +
1
2
∂µφ∂νφ+
1
2
LA
′
µ L
A′
ν
]
(E.18)
+
√
ggµν∂µx
+
[
(e2φ(
i
2
θi∂νθi +
i
2
θi∂νθ
i) +
i
4
ηi∂νηi +
i
4
ηi∂νη
i +
1
8
(η2)2∂νx
+
]
.
In order to get the action in the Killing parametrization one needs to use LA
′
given by
the second expression in (E.16) and then make the rescalings
ηi →
√
2eφηi, ηi →
√
2eφηi , x
a → −xa . (E.19)
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The action in the WZ parametrization is found by using LA
′
given by the first expression
in (E.16) and after the transformation
θi → (U˜−1)ijθi, θi → θjU˜ j i , ηi →
√
2eφ(U−1)ijη
j , ηi →
√
2eφηjU
j
i , x
a → −xa ,
(E.20)
and use of the Fierz rearrangement rule (ηi(σ
A′)ijη
j)2 = −3(η2)2.
The P-odd WZ part of the covariant string Lagrangian LWZ (see e.g. [14–16]) takes
the following form in the light-cone gauge
LWZ = − i√
2
ǫµνL+i
QµC
′
ijL
−j
Qν + h.c. . (E.21)
Plugging in the expressions for the Cartan 1-forms and making the rescalings given
above we get LWZ in the Killing parametrization (5.22) (see also (5.27)) and in the WZ
parametrization (see the ǫµν term in (5.6)).
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